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Introduction

The main aim of this lesson is to present the basic of a
numerical calculation:

If we can transform a calculation in a repetitive procedure
we can send it to a computer and it will do it for us.

A computer cannot think but can perform calculations
substantially faster than us.

If we tell th It can afterwards Or this:
we te e o

calculate this:
computer how to /\ /\
calculate this: v
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Introduction

To understand the process, we will start with the resolution
of a very simple problem:

A straight truss bar (between hinges)

Afterwards we will extend the problem to

2D truss elements and 2D beam elements

And we will finish with the simulation of

2D solid elements with the Finite Element Method

This procedure will show us that the element required by any type of
simulation (from the most simple to the most complicated) require
always the definition of the same parameters!
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Single bar between hinges
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if the bar is in equilibrium:

ZF:O, ng =ny

Tl2=N - n1=_N
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Single bar between hinges

N1 n2
E— oo ©—0 >
u u2
The forces of each node can be computed as:
E-A
n; = A (uz —uq)
E-A
n; = ‘I‘T' (uy —uq)
Which can be written as a matrix: element stiffness matrix
LE-A _E-A —
n1] _ L L |. ul] n1] _u_ +1 —1]_ u1]
n, E-A E-A| luy nl L —1 41! lu,
1T I

Thus, it is possible to obtain the forces on each node of a truss from the
displacement of its nodes:
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Three bars between hinges

Let's see how the previous formulation can be used to solve:

1 e 3

2 4

Z (3 es3 : I-'>
2 e2

For each bar we can write:

'nlel' B Eel .Ael | [+1 1 . 'ulel'
_leel_ Lel —1 +1 _uzel_

'nlez' B Eez .AeZ | [+1 1 . 'ulez'
_nzez_ LeZ -1 +1 _uzez_

'n1e3' B Ee3 . pe3 | [-I—l 1 . 'uleS'
_leeS_ Le3 _1 +1 _uZeS_
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Three bars between hinges

1 e 3

2 4

Z (3 es3 : I-'>
2 e2

Previous three equations are valid for any case. However, for our
particular structure:

el _ ) el _ el _ ) el _ el
U = Uy U, = Us ny“ = Ny; n,“= N3
e2 _ . e2 _
251 - Uz, U " = U3 nlez - Nz, n282= N3€2
’ule3 - U31 u263= U4- nleg = N3es; n283= N4_

and N3 = N;®' + N;% + N;©3
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Three bars between hinges

o] el S
2 4
e3 F
() o —>
\/
2 e2
Therefore: R N R M Y
N -1 +1] (U]
N2 | .[+1 =17, [V2]
-Nsez 2 _1 +1 _U3_
_ - el . pel
Nt [ T[] with, k=2
| N, >l-1 +1l (U, L

We've been able to relate all forces and displacements of the structure
using the stiffness of all bars composing it!
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Three bars between hinges

i =[5 ]
[NBesl_k3 +1 +1] [ ]

we can write now the global system of equations:

e i 17U,
NZ _ +k2 _kz U2
N3| |—ky —k, +ki+ky+ks —ks||Us
-N4- | _k3 +k3_ -U4_
_ J
Y

structure stiffness matrix
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Three bars between hinges

A TS
[NBesl_k3 +1 +1] [ ]

we can write now the global system of equations:

N1 [+ky _k, 17U,
N2 . +k2 _kz U2
Nal |=hki ks +ki +ky+ks —ki||Us
-N4- | _k3 +k3_ -U4_
N J
Y

structure stiffness matrix
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Three bars between hinges

having:
I N e R e S e
[N363]—k3 +1 +1] [ ]

we can write now the global system of equations:

ARNELS —k, 11U
Ny| +k, —k, U,
N3| |—-ky -k, +k;+k,+ks —k3||Us
Nadl o | —ks +k3 LU,
N Y,
Y

structure stiffness matrix
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Three bars between hinges

Can we solve this system?

AR ELS

NZ _ +k2
N3 B _kl —k2
| Ny

What do we know?

+ky + k, +k3

[N

Z1 el
? e2
U1 = 0, UZ =

Nl = Nl’ Nz = Nz,

A\ e
()

U3 = U3,

N3=0,

v
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Three bars between hinges

therefore,
-z o C_1 L ] n e
N1 1 "1 \Y
Nz *ﬁé ='L:4 0
0 N —K1 K> +k1 + kz +k3 —k3 U3
| F ] B —k3 +k3_ -U4--

and the resulting system that has to be solved is:
[O] _ [‘l‘kl + k2 +k3 _k3] [U3]
F _k3 +k3 U4

Once knowing the values of U; and U,, we can use the complete system
to calculate reactions N; and N,
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Can we systematize 1t?

Bar connectivities:

1 5 4
/ F
%; O—"— &
2 e2
.
U,
Us
LU,
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Can we systematize 1t?

Bar connectivities:

3
Z1 °! ("\ e3 gf I-_>

—/

2

N, 11U,

Ny | _ U

N3| Us

[N, U,
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Can we systematize 1t?

Bar connectivities:

The stiffness matrix is defined adding the stiffness of each bar element
at the position of the nodes that define the bar.
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Can we systematize 1t?

In general:
| e J
o o
Nl _ +ke —ke Ui > Row |
N —k, +ko1LUjl — Row j
I% Column |
Columni

The stiffness matrix of the structure is defined by the mechanical
characteristics of the bar ke (E, A, L) and the connectivities of the
different bar elements.
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Can we systematize 1t?

Boundary Conditions:

Nodes with known forces (=F)

Nodes with known forces (=0)

: : Nodes with unknown forces but
known displacements

To solve the problem we will remove from the system all rows and
columns of the ¢ nodes.

The resulting system of equations is perfectly defined and can be
solved to obtain the displacements of all the structure.
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Conclusion

Once knowing the displacements of all nodes of the structure it is
possible to calculate:

e The reaction forces
e The strains in all bars of the structure
e The stresses of all bars of the structure

We have found a systematic method to solve linear structures made of
truss bars. This can be easily programmed to solve structures as large
as wanted.

Possible application:

In which each link is made of a
different material!
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2D Truss Structures

If the structure is 2D, the bar element can be defined with any possible
angle respect the horizontal. In a general case:

fx2
—>
—7 fy2'?/,27
o N2 } Ay2
(S
uz ax2
a a
fX1 e
y1
o —> L
/r_1,1 ut 1l _~ ax1
where: U; = Ay " COSQ + ay; " sina

fxi=ni-cosa; f,; =mn;-sina
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2D Truss Structures

Defining L, the rotation matrix, as: L =I[cosa sina]

It is possible to rewrite the relations between the un-rotated and the
rotated beam as:
Ay

|-t

u; = [cosa sinal - [ayl

—> fxl] [cos a

Sy sinal ™

In the un-rotated configuration:

ml =k (53 1l Ll
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2D Truss Structures

which can be written as:

n=+4+k-uy —k-u,=+k-L-a;—k-L-a,

n,=—-k-u +k-u,=—-k-L-aj+k-L-a,

and:
fi=LT-n,=LT-(+k-L-a;—k-L-@))=+k-LT-L-a;—k-LT-L-a,

fo=LTn,=LT-(—k-L-ag+k-L-a)=—k-LT-L-a;+k-LT-L-a

MAE 656 — ©®® Dr. Xavier Martinez, 2012 01. Intro — Doc 03



2D Truss Structures

Now it is possible to relate the force and displacement vectors as:

. [t (Axq
f1] _ fyl _ ki1 k12] ] Ay1 _ ki1 k12] ] ’a_f
]Tz) fx2 ka1 ko A2 ka1 ka2l lay
_fyz_ | Ay2 |
where;
k11=+kLTL, k12=_k'LT'L
k21=_k'LT'L; k22=+k'LT'L
being:
2 .
IT.] — [Cgs a] Jeosa sina] = [ cos a’ cosa-sina
sina cosa-sina Sin
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2D Truss Structures

For a general case:

]_C{ _ +hy© —k1,° [[@;] — Rowi
]Tj) —ky1° +kyy© -EJ'> > Row J
\% Column |
Column i
with: i E€A° cos a? cosa - sina
ki = (—1)it. ——. Note: Positi |
ij Le cos o - sin a sin a? ote: Positive angle

counterclockwise
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Implementation (1/2)

1. Define the stiffness matrix:
Size = (2 x # nodes) x (2 x # nodes)

2. For each bar of the structure:
a. Get/read the bar properties (E, A, L, o)
b. Compute its stiffness matrix k;

c. Add the bar to the structure stiffness matrix in the position i, |

defined by the bar nodes (i, j)

3. Define the forces and displacement vectors.
Size = (2 x # nodes) x 1

4. Fill the force vector with the forces applied to the structure. The rest

of the nodes will have force zero or unknown.
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Implementation (2/2)

5. Remove the rows and columns of the linear system corresponding
to those nodes with the displacement equal to zero (x or y)

6. Solve the linear system of equations
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Conclusion

To solve the structure we need to know/define:

1. Know the mechanical properties of the different elements (ki)

2. Know how the elements are connected between them
(connectivities)

3. Know which nodes have loads applied

4. Know which nodes have restricted displacements

Any numerical method (matrix solution, FEM, etc.) require the same
elements!
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